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GLOBAL DIMENSION OF TILED ORDERS OVER
A DISCRETE VALUATION RING

BY
VASANTI A. JATEGAONKAR(1)

ABSTRACT. Let R be a discrete valuation ring with maximal ideal m and
the quotient field K. Let A=(m if) SM"(K) be a tiled R-order, where A,.,. 3 A
and A 20 for 1 s i sm. The following results are proved. Theorem 1. There
are, up to conjugation, only finitely many tiled R-orders in M_(K) of finite
global dimension. Theorem 2. Tiled R-orders in M (K) of finite global dimen-
sion satisfy DCC. Theorem 3. Let ACM (R) and let T be obtained from A by
replacing the entries above the main diagonal by arbitrary entries from R. If T
is a ring and if gl dim A <oo, then gl dim I'<oco. Theorem 4. Let A be a tiled
R-order in M (K). Then gl dim A <o if and only if A is conjugate to a triangular
tiled R-order of finite global dimension or is conjugate to the tiled R-order T' =
(m?”ij) CMAR), where v;;=7,,;=0 forall i, and Vi 1 otherwise.

Introduction. This paper is a continuation of the author’s previous paper,
Global dimension of tiled orders over commutative noetherian domains (7],
Throughout this paper R will denote a discrete valuation ring (DVR) with maximal
ideal m, generated by ¢, and the quotient field K. In this paper we will use
notations and terminologies of [7]. Let A be a tiled R-order in M_(K), i.e., an
R-order in M_(K) containing n orthogonal idempotents. If a tiled R-order A in
M_(K) contains the usual system e, 1<i<n, of n orthogonal idempotents,
then A = (m¥) CM_(K), where ;=0 and A;; € Z for all ij (7). Furthermore,
by conjugating if necessary, we may assume that )ti,. >0 for all ’z;.‘ ‘]' (cf, Lemma
1.1). One of the main results in this paper shows that if A=(m"™*) CM (R)
is a tiled R-order of finite global dimension, then ’\ij <n-1 forall i, j; hence
it follows that there are only finitely many tiled R-orders in M_(R) of finite global
dimension. Using this we show that if §,, S,, -+, S, is a finite family of
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314 V. A. JATEGAONKAR

orthogonal idempotents in M_(K), and if S is the collection of all tiled R-orders
in M_(K) of finite global dimension containing some S, then S satisfies the
descending chain condition (DCC). This shows that the conjecture of R. B. Tarsey
[12] is true for a wide class of R-orders in Mn(K). The complete classification
given in Theorem 4.2 shows that if A is atiled R-order in M (K), and if
gl dim A < oo, then gl dim A < 3. Since there is a tiled R-order in M,(K) of
global dimension 3 [5], [12], this upper bound is best possible. An intrinsic
characterization of a reduced triangular tiled R-order A = (m i) CM_(R), obtained
in Theorem 3.3, is of independent interest. We recall that a tiled R-ordet A=
(m if) M. (R) is reduced if A >0 or )\ > 0 whenever i £, and that A is a
triangular tiled R-order if A, = 0 whenevet i<j. Lastly, let A=(m ) cM_(K)
be a tiled R-order. Since A is a ring, we have

0.1, )t <}\k+/\ for 1<i, j, k<m

0.2, If A is a tnangulat tiled R-order, then Aij >A, and A > )‘ji whenever
ish

We will have several occasions of using 0.1 and 0.2, and sometimes we use
them without giving a reference.

The main results of this paper were announced in [6].

1. Preliminaries. In this section we prove some preliminary results which
will be needed in the sequel.

Lemma 1.1. Let A = (m*¥) CM_(K) be a tiled R-order. Then there exists a
tiled R-order T = (m”%) cM (R) sucb that y,; =0 forall j and T =yAy~! for
some unit y in M"(K) Furtbermore, ye,y l= e, for 1<i<m

Proof. Let y be the diagonal matrix in M, (K) with M as the (i, i)th entry,
where m = tR. Set I' = yAy~!. Then a direct computation shows that I and y
satisfy the conditions of the lemma,

Definition 1.2. If A and I are tiled R-orders in M (K), then A and I are
permutationally conjugate if one is obtained from the other by permuting rows and
columns, equivalently, A= le™! for some permutation matrix ¢ in M_(K).

Lemma 1.3. Let A = (m*i) CM_(R) be a reduced tiled R-order, where Aj;=0
forall j. Then A is permutatzonally conjugate to a tiled R-order T" = (my”) C
M, (R), where y,;=0 for all j, and y;; >0 whenever i>].

Proof. We use induction on 7, If 7 =2, then the assertion is trivial, Let
n> 3. Since Aj; =0 forall j and since A is reduced, therefore by Lemma 1.7
of [7] we have an integer I > 1 such that A, >0 whenever i # I. By interchanging
the Ith and the nth rows and columns, we may further assume that / = n. Thus,
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A,;> 0 whenever i £ n, and Al =0 for all j. Clearly, eAe is a reduced tiled

-ordet contained in M, _,(R), where e=2"] 1 e... Hence by the mducnon

hypothe51s, ele is permutatxonally conjugate to a"uled R-order I'' = (m” 17) C
M__,(R), where 71, =0, y; ;>0 whenever i>j. Thus I'' = y'(eAe)y’™ ! for some

permutation matrix y’ = (yi'j) inM__ (K). Let y=1(y, ) in M_(K) with y, =1,
Ynj=Yjn=0 for j£n, and Yij= y otherwise. Then l" yAy‘l fulfills the
requirements of the lemma,

Let A= (m*if) CM_(R) be atiled R-order, Let x be the diagonal matrix
in M_(K) with ¢ on the diagonal, Let A = A/Ax = A/Am. Then R =A ®p R/m
as R/m-algebras and thus A is a finite dxmensnonal R/m-algebra, Obviously A
is isomorphic to the R/m-algebra (m*ii/mtiitty, where the multiplication is induced
from that in A, 1.e., if (a +m %Yy and (®,;; +m Aij+l ) are in (mk"/m ij+7),
then (a;; +m i1 X6, mAir+l ) =7 1alkb +m 5*1), From now on we will
always 1dennfy the two R/m-algebras A and (m i /m b+l ). Let &, = e;; + Am,
1 <i<n Then ¢ e;; are orthogonal indecomposable idempotents in K and
2;;1 €;;=1. Furthermore, 51. = 'e'ﬁ.K, 1<i<mn, are, up to isomorphism, the only
principal right projectives of A. Since m*/m**! & R/m for every nonnegative
integer a, [T,i: R/m] = n. Also, if A is reduced, then by Lemma 1.3 of [7], J(A)
is obtained from A by replacing the diagonal entries R/m by zero. We now show
that if M is a finitely generated right A-module with [M: R/m] £ 0 mod 7, then
hd, M = e,

Proposition 1.4. Let E be a finite dimensional algebra over a field F.
Assume that for every indecomposable idempotent e in E, [eE: Fl= 0 mod I,
where | is independent of e. Then, for any finitely generated right E-module M
with [M:F1#£ 0 mod I, we bhave hdp M = co.

Proof. Since E is a finite dimensional algebra over the field F, the algebra
E is artinian. Hence, by Theorem 56.6 of [3, p. 382, if P is a finitely generated
projective right E-module, then P ~~ ®ze 1 €;E, where |I| <o and the e, aré
indecomposable idempotents in E. By the hypothesxs [e,E: F1=0mod therefore
[P:Fl=0mod ! for any finitely generated projective right E-module. Now assume
that hd; M = B <. Then we have an exact sequence.

8 8.1 5 %
0—’X'B——)xﬁ1_>o'-—>x _—’x —_ M —0

where X, are finitely generated projective right E-modules. By Corollary 2 of
(2, p. 151], we have [M:F] = 2?30 (- )[X,: F1 = 0 mod . But this contradicts
the hypothesis that [M:Fl £ 0 mod L. Thus hdg M = o.
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Corollary 1.5, Let A = (m*) CM_(R) be a tiled R-order. Let K= A/Am.
If M is a finitely generated right A-module with [M:R/m] £ 0 mod n, then
hdzM = 00,

Let A= (mxif) CM_(R) be atiled R-order, Let A=(R, R, +++,R) be a free
left R-module of rank n, Then A is a right M, (R)-module naturally, This module
multiplication induces a (R — A) bimodule structure on A. Further, if M is a
nonzero A-submodule of A, then, since R is a principal ideal domain, M is also

a free R-module of rank n (cf. remarks at the end of $1 of [7]).

Corollary 1.6. Let A = (m*i7) CM_(R) be a tiled R-order. Let A=A/Am=
A/Ax. Let A be a free left R-module of rank n treated as a right A-module
naturally. Let M be a nonzero A-submodule of A. If M =M/Mx and if MK_ B_©®
C.. is a nontrivial decomposition of M as a right A-module, then hd M= oo
and hd, M = co.

Proof. Clearly hd_M = e, by Corollary 1.5, Hence hd, M = o, by Theorem
9 of [8, p. 178].

Lemma 1.7, Let A = (m*) CM_(R) be a tiled R-order. Let A= A/Am. Let
A=(R, R, ..+, R) be a free left R-module of rank n. Treat A as a right A-module
naturally. If B=(@*!, m®%, ..., m*) CA, where 0 < a; are integers, then

(1) B is a A-submodule of A if and only if Aij 2a,-a; for all i, j.

(2) If B is a A-submodule of A, then

—_ a a +1 a a 41
B=B/Bn=(mim ! ,...,m S/m S ,0,...,0)
a a 1 a a 41
9(0, .'..’0 m S+1/m S+l+ ’...’mﬂ/mn"')

as right A-modules if and only if '\u 2a;-a; for all i, j; A >a;-a, for
1<i<s<j<mn; and '\11 >a;-a; for 1 5;55 <igmn Furtber. z[tbese condi-
tions hold, then hdy B = .

(3) If B is a A-submodule of A, then

-— a a 41
B=B/Bn=(0,+:+,0,m S/m < ,0,:++,0)

+1

a a a a +1 a a_ .41 a a 41
O /m 1, eym = l/m s o m S SH T e m /)

as right A-modules if and only if )tij 2a;-a; for all i, j, As,. >a; -0 and
A is > As— whenever j # s. Further, if these conditions hold, then hdy B = o.

Proof. The proof is a straightforward computation and we leave it to the
reader, That hd, B = e in (2) and (3) follows from Corollary 1.6,
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2. Tiled orders in M_(K). In this section we show that, up to conjugation,
there are only finitely many tiled R-orders in Mn(K) of finite global dimension
(Theorem 2.3). We also show that certain large classes of tiled R-orders in M, (K)
of finite global dimension satisfy DCC (Theorem 2.5).

Lemma 2.1. If A= (mh"’.) C M”(R) is a tiled R-order with gl dim A < oo, then
for every integer k, 1 <k <n -1, there exist integers i >k + 1 and j <k such
that )‘ij <1 ¢

Proof. Fix k> 1. Suppose that A;22 whenever i>k+1 and j<k Set
a;=1for 1<i<k and a,=0 for k+1<i<n Then it is easy to check that
the conditions of Lemma 1.7 (1) and (2) for the right A-module B are satisfied
with s = k; and therefore hd, B = «. This is impossible as gl dim A<o. Thus
for some integers i > k + 1 and j < k we must have /\ii <L

Lemma 2.2. Let A = (m*i) CM_(R) be a tiled order with gl dim A < e,
Assume that A, is an increasing function of i. Then,

(1) 05)\“1’1-)\“51 for 1<i<n=-1,

(2 A,y <i-1for 1<ign,

3) if )\“ <1-1 for some I, then /\“ <i-1 whenever i >l

Proof. Fix an integer k between 1 and n - 1. By Lemma 2.1 we have integer
integers s > k + 1 and j <k such that '\Si <1, Hence by 0.1 and the monotonicity
of A;; we have

M1 SAgyp,1 S SA+ A, ST+,

Thus A,y < Ap+1,1 S 1+ A, which proves (1), For (2) we use an induction on i,
Since A, = 0, the statement is true for i = 1. Assume that A;; <i -1, Then by
using (1) of this lemma we have A, ; ; <1+ A;) <i. This completes the
induction and proves (2) The proof of (3) is similar,

In the next theorem we show that if we consider the class of all tiled R-orders
of finite global dimension in M_(K) containing n orthogonal idempotents, then
up to conjugation this class is finite.

Theorem 2.3. Let R be a DVR with maximal ideal m and quotient field K.
Then:

(1) If A= (") CM_(R) is a tiled Rorder with gl dim A < e, then A S
n-1for 1<i, j<n-1,

(2) There are only finitely many tiled R-orders in M _(R) of finite global
dimension containing a fixed set of n orthogonal idempotents.

(3) There are, up to conjugation, only finitely many tiled R-orders in M"(K)
of finite global dimension.
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Proof. First we note that to prove (1) it is enough to show that A,; <n -1
for all i, since by interchangingthe 1st and the jth rows and columns we can
always assume that j = 1, Furthermore, by permuting rows and columns of A
through 2 to » we may as well assume that A, is an increasing function of i,
But then by Lemma 2.2(2) we have A,; <i-1<n-1 forall i, Thus Aj<n-1
for 1 <4, j<m,

Ve now prove (2). Let f,, 1<i<n, be a fixed set of 7 orthogonal idempotents
in M (R) M (R) contains e,,, 1 <i<n, and f; and e;; are local idempotents
with 2;:1/ =1=37,
u in M_(R) and a permutation 7 on the numbers 1 to 7 such that e;; = ufy, i)u'l
for 1 <i<n Thus, if A is atiled Rorder in M_(R) containing f;, 15 i<mn,
then uAz~! is atiled R-order in M (R) containing e;;, 1 <i<n Hence to

e;;s therefore by Proposition 3 of [9, p. 77] we have a unit

complete the proof we must show that there are only fmltely many tiled R-orders
in M_(R) of finite global dimension containing e;;, 1 < i <n. But this is obvious
in view of (1),

To prove (3), let A be an R-order in M_(K) containing # orthogonal idempotents.
Then A is conjugate to a tiled R-order I' in M_(K) containing e;;, 1 <i<n,
which in turn, by Lemma 1.1, is conjugatetoa uled R-order A= (msll) M, (R).

Now the assertion follows trivially from (1) and (2).

This complete the proof of the theorem,

Proposition 2.4. Let f, f,, «++, f, be n orthogonal idempotents. Let )
be the set of all tiled R-orders A in M _(K) such that gl dim A <o and f, € A
for 1<i<n. Then § satisfies the descending chain condition.

Proof. Let A; DA, 2*..2A, DA,y 2. be adescending chain of tiled
R-orders in 8. By Propo sition 3 of [9, p- 77] we have a unit z in M (K) such
that, for all j, uA u~! is atiled R-order in M (K) containing e, 1 <i<n. By
Lemma 1.1 we have aunit y in M_(K) such that yuA ™ Ly=1c ¢ M L(R) and

ye,y -l e e,; forall i. Set z=yu. Then clearly

zAlz’lDzAzz"D---DzAz'lDzA. z=1>...
= = =77 =7a =

is a descending chain of tiled R—ordets in M (R) Furthermore, for all j,

gl dim zA z=1 <o and e, € zA z , 1<i < n. Hence by Theorem 2.3(2) we
have an mteger l suchthat zA, z = zA, 12 =1 for all j > 1 Consequently
A] A, for all j > 1. This completes the proof,

Theorem 2.5. Let R be a DVR with quotient field K. Let S, S5, «++, S,
be a finite collection of sets, where each S]. is a set of n orthogonal idempotents
in M_(K). Let S be the collection of all tiled R-orders A in M_(K) such that
§;C A for some j and gl diim A <. Then § satisfies DCC.
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Proof. Let
(%) A12A22"'2Ai2Ai+12'°'

be a descending chain of tiled R -orders in S. Let S {A A DS L 1<j<k
If 5 is nonempty, then by Proposition 2.4 we have a natural number p; such that
A = A forall i>p,. If S is empty set p;= 0. Let p=max;_;_, p.. Let
i > e Smce A€ S for some i, therefore A A = A This shows that the
chain (%) termmates. This completes the proof.

The above theorem shows that for a large class of R-orders in‘M"(K), Tarsey's
conjecture [12] is true.

Theorem 2.6, Let A = (m#) CM_(R) be a tiled R-order with gl dim A < ce.
Let T be the set of matrices obtained from A by replacing the entries above the
main diagonal by arbitrary entries from R. If T is a ring, then gl dim I" < oo,

Proof. By the hypothesis I' = (m”#) C M, (R), where y;; = A,. for i>j and
Y;j = 0 otherwise, is a ring. Hence I" is a triangular tiled R-order. By Theorem 1
of [5], to showthat gl dim I' < e it is enough to show that y, .; , <1 for 1<
k<n-1, Fix an integer k between 1 and n — 1. Since gl dim A < o, therefore
by Lemma 2.1 we have integers i >k + 1 and j <k such that A <1, Since
i>js ¥;; =A;; £ 1. But then, by 0.2, we have y, ., , ¥,y ; <y <1, ‘Thus
Yis1,5 < 1o This completes the proof.

Lemma 2.7, Let A = (m#) CM_(R) be a reduced tiled R-order with
gldim A <. Then for any integer k, 1 <k <n, there exists an integer My £k
depending on k, such that )‘k, wt )\ ok = 1.

Proof. Fix k <n. Suppose that A, ikt N2 2 forall j#k A is reduced,
therefore by Remark 2 at the end of $1 of [7), J(A) is obtained from A by
replacing the diagonal entries R by m. It is easy to see that the right A-module
] r =€ kA satisfies the conditions of Lemma 1.7(3) with s = k, and therefore
hd, J, =co. This contradicts the hypothesis that gl dim A <. Thus for some

integer p, # k& we must have )\ ok /\k S <1, Since A is reduced and B # k&,
'\l%.k + Ak.l-'»k, =L

Corollary 2.8, Let A= (m*#) CM_(R) be a tiled R-order. Assume that Ay
=0 forall j and A > 0 whenever i > 2 and i £ j. Then gl dim A < oo if and
only if /\ =1 wbenever i>2 and i #].

Proof. The “'if”’ part follows from Proposition 3.3 of [7}. We now prove the
“only if”” part, Clearly A is reduced. Hence by Lemma 2.7, for every integer
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i, 1 <i<n, we have an integer p; # i suchthat A, .+, , =1. If p,>2 and
i > 2, then by the hypothesis we have A,,,i' it A w2 2. Thus, if i > 2, then we
must have p; = 1, so that Af‘ioi =A;;=0and A, = )‘i.#,- =1, Hence 0< )tl.,. <
A+ j<1, whenever i > 2 and i #j. This completes the proof.

In [5] we have seen that the triangular tiled R-order @, = (m“) C M, (R),
where ;. =i~ for i>j and w; i = 0 otherwise, plays an important role, We now
show that if A=) CM_(R) is a tiled order of finite global dimension and if
A j=n- 1 for some i #j, then A is permutationally conjugate to the tiled R-order
Q,. This in particular shows that if we disturb even slightly the “‘upper triangle’’
of { by replacing R by a proper ideal of R, then we end up with a tiled R-order

of infinite global dimension. First we need a proposition.
Proposition 2.9. Let A= (m*) ¢ M_(R) be a tiled R-order. Assume that

=3.for 4<ilm,
>3 fori-j>A4.

i.i-l=l for 2<i<m, )\” 3

iic2=2 for3gism A2

Then gl dim A < o if and only if A is a triangular tiled R-order.

Proof. The *'if’’ part follows from Theorem 1 of [5S]. We now prove the ‘“‘only
if’’ part. First, we observe that if A, is1 =0 foralli, then A, ; , = 0 for all i,

since by 0.1 wehave 0 <A, ;L SA, .y +A, 4, S

one can show that /\1 i = 0 forall j>1, sothat A is a triangular tiled R-order.

Thus to prove the “only if’’ part it is enough to show that A, ; ; = 0 for all

< 0. Repeating this argument

i> 1, Since A;; >0 whenever i >}, A is reduced. By the assumption gl dim A <o,
therefore by Lemma 2.7 we have natural numbers p; #1 and g, # 7 such that

Mg Ay a=land A, +X, =1, Alsoby the hypothesis A, = 1,

A 22 for 3<z<n and )tn n=1=1 A,; 22 for 1 <i<n-2. Hence, we must
have By=2p,=n-1and Aj,=0=A _, . If n=3, then we are done. So
assume that #» > 4, Fix an integer &, where 2<k<n-2, Set a;, =2 for
i<k-1l,0,=0a, 1=landa;=0fork+2<i<n If A, l>0 then one
can easily check that the condnuons of Lemma 1.7(1) and (2) for the right A-module
B are satisfied with s = k, and therefore hd, B = . This contradicts the assump-
tion that gl dim A <oco. Thus we must have '\k. x+1 = 0+ This completes the proof

of the proposition.

Corollary 2.10. Let A= (m*i) CM_(R) be a tiled R-order. Assume that
)\.. =i —j whenever i >j. Then gl dim A <oo if and only if A=Q,, where
= (m“i7) CM (R) with ©;;=1i -] whenever i>j and ;= 0 otherwise.

Proof. The proof is a direct application of Proposition 2.9,
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Theorem 2.11. Let R be a DVR with maximal ideal m and the quotient
field K. Let A= (mir) CM_(R) be a tiled R-order of finite global dimension. If
A j=n=1 for some i #j» then A is permutationally conjugate to Q, where

Q, is as defined in Corollary 2.10,

Proof. If A is not reduced, then we have A,; = A, = 0 for some & # L
Hence, A is Morita equivalent to the tiled R-order I" obtained from A by deleting
the Ith row and the /th column. Since gl dim I' = gl dim A < 0, Theorem 2.3(1)
yields A'.,. <n-2for 1<i, j<n, i£l, j#l By using0.1, it is easy to see
that A,. = A, and A, = A, for 1 <i<n, and therefore we must have Aj<n=2
for all 4, j. But by the hypothesis Aﬁ =n -1 for some i # j; hence it follows
that A is reduced. We now observe that to prove the theorem it is enough to show
that A is permutationally conjugate to a tiled R-order I" = (m”#) ¢ M,(R), where
¥ij=i-i for i >j, since then by Corollary 2.10 we have [ = Q. By interchanging
suitable rows and columns we may assume that )‘nl =n -1, By Theorem 2.3(1) we
have A, <n -1 for all i, By permuting rows and columns of A through 2 to =,
we may further assume that A, is an increasing function of i, But A ;=n-1;
therefore by Lemma 2.2(2) and (3) we must have A;; =i~1 for 1<i<n-1,
Hence, by 0.1, we have i = A, <A, +A1-A +i-1 forall i, This

i+41,1 = "i4l,i i+l,i

shows that A, > 1, By Lemma 2.1 we have integers s >i+ 1 and j <i such

i+l,i =
that A . < 1. By the monotonicity of A;; and 0.1 we have

i=)‘lll_)¢sl<h +/\ <l+1—l-1<z.
Thus we have i <s—1=A_; <j<i, andtherefore i=j=s-1 and A,
A ; S 1. All this shows that A, i
whenever i> ] ByOlwehave)\ 5)¢ +Aiq 1.e.,z-l<)t +]-l Hence

i+l,i =
;=1 forall i. We now show that A, j=i=]

Au >i-j. To show that )t” <i=- ; whenevcr i>j weuse mducnon on i, When
i=2, we have j=1. Since A,; =1, the statement is true when i = 2, Let

i23 and let j <i. By 0.1 we have A, <A a im1,i°
hypothesis we have )\" <14(i-1)=j=i-j. This completes the induction and

1+ A Hence by the induction

shows that )\i’. =i-j whenever i > j. This completes the proof.

3. Characterization of triangular tiled orders. In this section we obtain an
intrinsic characterization of a triangular tiled order, i.e., we gnve, in terms of
A , @ necessary and sufficient condition for a tiled R-order A = (m*) cM_ (R)
to be conjugate to a triangular tiled R-order in M_(R). If n=2, A is always
conjugate to a triangular tiled R-order by Lemma l.l. So throughout this section
we assume that n > 3,
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Lemma 38.1. Let A = (m i) cM (R) be a tiled R-order. Fix a natural number
i<n Let lij, iy eee, i _1} be a permutation of the set {1, 2, ..., i- 1,i+1,
veeyn} If for some ﬁxed integer j, where 1 <j<mn-1, we have Ah!s +

,s'ls+ . '\1.1 o whenever s > j, then
1t A

iy = “k[ork>l>].
(b) Furtbermore. if A is reduced, then. )‘i,ik + Ail;ll il for k>1>].
Proof. First, we prove (a) by using an induction on k. Fix I>j. Obviously
(a) holds when k=1 By 0.1 we have

A"']H.l -<- )‘"'l + A'l”kq.l - hx,zl + )txl,zk + Azk,zk“

= )tx i A ot by the induction hypothesis,
'k k' 'kt

=A, . . by the hypothesis as & > j.
+

iy

Thus we have proved that

A, <A+ 0 <AL
TS B B S % A
Consequently, A, ihe1= A .t A Like1® This completes the induction and proves
(a),

Ve now prove (b). By (a) we have A, lk + '\'k il =N+ '\!I wt )"k ;; When-
ever k> 1> 1. Since A is reduced, /\xl at lk. i> 0 whenever k £ . Thus we
have A, , 1Ie i> A whenever k> 1> j. This completes the proof of the
lemma.

Proposition 3.2, Let A= (mxi") CM_(R) be a tiled R-order. If for some fixed
integer i, where 1 <i <n, there exists a permutation lipigeeesi - 1} of the
set u. 2 000,1-1 z+l,u-,n}sucbtbat Altk 1k1k+l 1lk1f01' 1<k<ﬂ 2
then A is conjugate to a triangular tiled R-order.

Proof. Set iy =i. Hence we have A, ; io + )‘10 = =A; i, forall k>0, By
the hypothesis :\, it A Roikal z\m’” . for k > 1, therefore using Lemma 3.1 with

j =1 one concludes that

) A’."'l + Ail"'k = Ai'ik whenever £>1>0,

Lety=(y sj) and z= (zs].) be the matrices in M_(K), where if m = tR, then

A

-A. .

1,1
= = "k -1:
yk+l.ik't ’zik.k+l" for 0<k<n-1;

and
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Ysj=%si= 0 otherwise.

Then, yz = zy = 1, Set I' = yAy~ !, We show that I = (Fsi) €M (R) and is a
a triangular tiled R-order. To show this we must show that I'_. = R whenever
s<j Iy; CR whenever s >j. Clearly, I' = yAy~l=(y s,)(/\ Nz ) therefore
using the matrix multiplication we get

= Az . =y_. N
T E;ys" woi =Y s Mgyt iy
A Iy ; -, A 4N . =A.
T R e B B Mt o B S )

Now from 0.1 and (#) it follows that I'_ ;€ R whenever s>j and I, ;=
whenever s <j. Thus I' is a triangular tiled R-order,

Theorem 3.3, Let A= (mxi") C€M,(R), n> 3, be a reduced tiled R-order,
where R is a DVR with maximal ideal m. Then A is conjugate to a triangular

tiled R-order in M (R) if and only if for some natural number i <n, there exists
a permutation {zl, Qg eoesiy, _dof {1,200, i 1,041, .00, n} such that

A +A . =A or 1<k<n-2.
iyiy i1 ihig 1 f xr 2
Proof. The “‘if’’ part follows from Proposition 3.2, We now prove the
“‘only if’’ part., So, assume that A is conjugate to a triangular tiled R-order in
M_(R). By Proposition 1.9 of [7] we have a natural number i <7 such that

(%) P,2PJA) 2.-.2P 1M 2P J"R)=0

is a composition series of PI considered as a right A-module, where P and A
are as defined in §1 of this paper. Since [P;: R/m}=n and since (*)is a
composition series, it follows that [P,] kR): R/m] n—k for k> 1, We claim
that there exists a permutation {i pigeeesiy, ll of the set {1,2,+¢¢,i=1,
i+1,...,n} such that P;Js*!(R) is obtained from P ] S(A) by replacing the

i_th entry mA""/m ihigtl by zero. We will construct i_ inductively. Recall
that, since A is reduced, J(A) is obtained from A by teplacing the diagonal
entries R/m by zero. Since P,J%(A) is a right R-module, P, J2R) 2P, ] 2(K)e

for all j. Also, PJ(R) 2P, ]Z(K), [PJ*R): R/ml=n—k for k=1,2, Therefore
we obtain an integer i) #i such that P,J 2(A) is obtained from Pz J(A) by

N1, Aiigtl )
replacing the 7,th entry m #l/m 1T by zero, A similar argument and induc-
tion proves our claim. We observe that in pamcular PJs *I(K) 1s obtained from

1:

A;
PJ(R) by replacing iythentry, 1<k<s<n-1, m M"/ by zero. To
complete the proof we now show that
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A

C+A, . =X whenever 1 <k<n-2.
Ll Ipelpa1 Big,l

Since PJn~ 1A) = Pj"=R)J(R), it follows that

1

+ Ao Ai it
Yo (m n-2 n-l/m n=2'n-l )

A s A
(m n=2y n=2

) VO ) Y +1
i,i i,i
=m *lpodm "n-1

Since the multiplication in A is induced by that in A, and since by 0.1 we

a .. . . .. i . . X
have '\mn-z + )\,n- 2vina1 > Amn_l, it follows that Ax.:,.-z + )t'"_ 2vina1 ™

'\i.in-l' If n = 3, we are done. If > 4, we use an induction on s. So, assume
that )‘i,ik + )‘ik.iku = )ti.ik“ for k> s + 2.

Then Lemma 3.1(b) yields Ai. i+ Ai kvis 42 > )‘i. is42 whenever k> s + 2,

Since P,J7*!(R) is obtained from P.J(A) by replacing the i th entry, 1<I<j<
n - 1, by zero, and since P,J* Q) = T’;J" +1(R)J(R), we must have

LY Ao ¥t n-l1 M, Mt A i Apio ot
(m s+2/m 42 )= Z (m l/m 1l )e(m 1 s+2/m 1" s42 )
I=s*l;lfs+2

n-1 +1

= 2 (m

I=s+l;l;£s+2

) YRS W ) YO
iyiy ll,l$+2) mod m l"s+2

This together with the induction hypothesis yields )ti' ise1 * )«i“ Lise2 ™

ivig42® This completes the induction on s and also completes the proof of the
“only if’’ part,

4. Tiled orders in M_(K), where 2 <7 <4, In this section we study tiled
R-orders in M_(K) of finite global dimension with the restriction that 2 <n < 4.
The machinery developed in the first three sections enables us to give a complete
classification of tiled R-orders in M (K) of finite global dimension (Theorem 4.2).
As another application of the developed machinery we prove Proposition 4.1, first
proved by R. B Tarsey ([11], [12]). Our proof is different from that given by
Tarsey and is also less computational. Throughout this section @, will denote

the tiled R-order (m“%) cM "(R), where o =i -] for i>j and w;;= 0 otherwise,

Proposition 4.1. (a) Let A be a tiled R-order in M"(K), where n=2 or 3.
Then gl dim A <o if and only if A is conjugate to a triangular tiled R-order in
Mn(R) of finite global dimension,

(b) M;(R) and Q, are, up to conjugation, the only tiled R-orders in Mz(K)
of finite global dimension.
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(c) There are, up to conjugation, only four tiled R-orders in M;(K) of finite
global dimension, and these are defined as follows: (i) MS(R), (ii) Q,; (iii)
C=m”%)cM 3(R), where y,. =1 whenever i>j and y,; =0 otherwise; (iv)
I=m”)¢ M,(R), where y;) =y, =1 and y;; = 0 otherwise.

Proof. The “‘if”’ part of (a) is trivial. We now prove (b), (c) and the *‘only
if”’ part of (a) simultaneously. As seenbefore A is conjugate to a tiled R-order
containing e;;, 1 <i<n So we may as well assume that A is of the form
A = (mii) CM_(K). By Lemma 1.1 we may further assume that A, > 0 for all 4, j;
and A;, =0 forall i. Nowlet n=2. If A is not reduced then we must have
A,1 =0, sothat A =M,(R). If A is reduced then by Theorem 2.3(1) we have
Ayy=1 i, A=Q,. Now let n=3. By Theorem 2.3 we have A, <2 for all
i, j; and if A,.’. = 2 for some i # j, then by Theorem 2.11 we have that A is
conjugate to the tiled R-order Q. So assume that A, < 1. If A is reduced, then
by Lemma 1.3 we may further assume that )ti’. =1fori>jand Ay3=0o0r 1, If
A,3 =0 then A is the tiled R-order defined in (iii) of (c). If A,; =1, then let
y=0;) in Ms(K), where y;, =1, y,; =y33 =t (where tR =m), and y;; =0
otherwise, A direct computation shows that yAy=1-= 03. Now assume that A is
not reduced. Then we have A,; = A, =0 for some k£ L If =1, then by
interchanging suitable rows and columns we may assume that & =2, i.e., Ay; =
Aj; =0. Then using (0.1) one gets that A,; =0 and A;; =A;, <1,

So, either A =M,(R) or A is the order defined in (iv) of (c). Now assume that
both of & and ! are different from 1, so that A, 3 =43, =0, By 0.1, we have
Ajr=A5; <1 T Ay =2y =0, then A = M;(R). If not, set y = (y;)) in M;(K),
where y,,=y,3=1, y;3; =t and Yij = 0 otherwise. Then y/\y‘l is the tiled
R-order defined in (iv) of (c).

Lastly it is easy to see that none of the tiled R-orders defined in (c) is con-
jugate to the other. This completes the proof of the proposition,

Theorem 4.2, Let R be a discrete valuation ring with maximal ideal m
generated by t, and quotient field K. Let A be a tiled R-order in M 4(K). Then
gl dim A < oo if and only if A is conjugate to a triangular tiled R-order in M «R)
of finite global dimension or A is conjugate to the tiled R-order T = (m”#) C
M (R), where ¥1;=0=y;; forall i, and y,; = 1 otherwise.

Proof. The *if”” part follows from Corollary 2.8, We now prove the “only if”’
part. As A is conjugate to a tiled R-order in M «(K) containing e, 1<i<4,
we may as well assume that A is of the form A = (m*#) C M 4(K). By Lemma 1.1,
we may further assume that )ti]. 20, A, =0 forall 4, j. First we consider the
case when A is reduced. Then, by Lemma 1.3, we may in addition assume that
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A;; >0 whenever i >j. Thus we have A= (m*i7) CM R) with A;; =X}, =0 for
all i and A,p, Agps Agps Agys Mgy, Ay are strictly positive. Hence we must con-
sider various cases according as Ay3, Ay, Ay, are strictly positive or not. It is
easy to see that up to conjugation we have to discuss only the following five types
of tiled R-orders:

Type L. Ay3 =X, =434, =0,

Type 1I. A23, Aygs )\34 >0,

Type IIL. Ay3, A, >0,A5,=0.

Type V. )\23 =0=2Xy, )t34 >0,

Type Vo Ay3>0, A5 =245, =0.

Since Type 1 is a case of triangular tiled R-order, this case is settled. In
Type 11, since gl dim A <, we must have A;; =1 whenever i #j and i 22,
by Corollary 2.8, Thus A =T. Now let us discuss Type IIl, Clearly A is re-
duced, gldim A <o, Ay; + A3, >2 and Ayg + Ay, > 2; therefore, by applying
Lemma 2.7 with k = 2, we get that Ay; = 1, Since 0<A,, <Ay +A;=1 for
i=3,4, Ay3=Ays =1, Butthen A, + Ay3=2Ay; and Ay +Az4 = Ay, There-
fore Proposition 3.2 applies with i = 2 for the permutation (i g 2), so that A is
conjugate to a triangular tiled R -order. We now look at Type IV. Since A; L=
)\2 =0 for j =2, 3, 4, therefore e;,Ae’ is a projective right e'Ae’-module, where
e = Ef_z €0 Hence by the analogue of Theorem 2.5 of [7], we have gl dim e’Ae’
<o and 21 L*%1_R or m as m is the only proper ideal I of R with
gl dim (R/I) < 0. Since Ay;=0 forall i, we have I, it s g N1 Since
A is reduced, A;1 >0 for i £ 1. Hence we must have X, il mMl o m. Thus
A;; =1 for some i > 2. Since Ay3=0=2%y, and since 0<A,; <Ay, +A; =],
for i = 3, 4, therefore it follows that )t“ =1, Again, )‘32’ /\34, )t42, /\43 >0 and
gl dim e’Ae’ < =, therefore by Corollary 2.8 we must have Aja=Ag =R, = Ay =1
Clearly 0 </\ 1 SA ;2 + Ay =2 for i =3, 4; therefore )‘;1 1or2 whenever
i=3 or 4. If )‘31 =1 then A;; + Ay, = Asa Ajp+ Ay, = As4 sothat A is
conjugate to a triangular tiled R-order, by Proposition 3.2, If Agp=1, then
Agr+ A=A A + Ay3 = A43, so again, by Proposition 3.2, we have that A
is conjugate to a triangular tiled R-order. If Ay; = A ; = 2, ther let y = ;) in

M (K), where y12 =l=ysy=yg ¥o1=t ¥,
shows that yAy~! =T.

Lastly we turn to Type V. Since the number of R in A is 9 and since the
number of R in Q; is 10, A cannot be permutationally conjugate to Q4. Thus,
by Theorems 2.3(1) and 2.11, we must have )\i]. <2 forall 4, j. Since A, ;=0
for all i, we have, by Lemma 2.7 applied to A with & = 4, that Ag; =1 for some
i< 3. If Ay =1, then, since A is a ring, it follows, by 0.1, that Ajp=A,=1.
Hence we have A, + Ay =Ay), Ay, + A3 =Ay3. Thus, by Proposition 3 2 A

=0 otherwise. Computatzon
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is conjugate to a triangular tiled R-order. So assume that A;) =2 and Ay, =1
for i = 2 or 3. By interchanging the 2nd and the 3rd rows and columns we may
assume that A, 3 = 1. Note that this permutation keeps us in Type V. Since
0<A,3 <A +A,;=1, Ay; =1, Also, by Lemma 2.7, applied to A with k=1,
we have A, =1 or A;; = 1. Since all Aii <2, to complete the discussion of
Type V, we have to discuss the following three subcases:

@Ay =1= )‘31;

(b) Ay =2, Ay, =

(© Ay =144 l.2

Case (a), Let /\21 = )t3l =1, Clearly, 0< )«32 < A_“ + A, =1; therefore
A;, =1, If Ay, =1, then it is easy to check that

1P1+P4=]2, 1P10P4=]1; P2+P3=]l’ Pznp3=]2:

where P, =e, A and ], =e,J(A). By Theorem 1 of [10], A is a semiperfect ring;
therefore, by using Remarks (1) and (3) at the end of $1 of [7], it is easy to see
that none of J, and ], is projective as a right A-module. Hence by using
obvious short exact sequences and Theorem 2 of [8, p. 169] it follows that

hd, ], = . But this contradicts the hypothesis that gl dim A <co. Thus A, =
But then we have A 3 + A5 = Ay, Mgy +A); =Xy, sothat A is conjugate to a
triangular tiled R -order, by Proposition 3.2.

Case (b). Let Ayy =2, A;; =1, Since Ay; =1, we have Ay, + A5 = 1,5,
Ay3+ A5, =A,,. Hence A is conjugate to a triangular tiled R-order, by Proposi-
tion 3.2,

Case (c). Let A,y =1, A;; =2. Recall that A;; =2. Hence by Lemma 3.1,
applied with k = 2, we have A;, =1 or Ay, = 1. Since 0 <A;, <Az  + Ay, and
A34 =0, we have, in any case, A;; = 1. Further if A;, = 1, then we have Agg +
Ag2 =232 A35+ Ay = Ayy. Thus Proposition 3.2 guarantees that A is conjugate
to a triangular tiled R-order. So assume that A, = 2. Then one shows, 'since
m =R, that

P,+P,=], - P,NP,=],,

PP +tP,=],, P NP =] x],.

Then by using obvious short exact sequences and Theorem 2 of [8, p. 169] we
get hd, J, = oo forall i. Thus A, =2 is impossible. This completes the dis-
cussion of Cases (a), (b), and (c) anf hence of Type V also. Thus the assertion
of the theorem is proved when A is reduced.
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Now assume that A is not reduced. Then we have A,; = A, =0 for some
k#I Recall that A = (") C M4 R) and A;; = A;; =0 for all i, First suppose
that A, = A;, =0 for some k> 2. We may assume that k = 2. Then, since A
isaring, Ay; =A,, =0, If one of A;4 or Ay, is zero, then clearly A is
permutationally conjugate to a triangular tiled R-order. So assume that A, , )féj >0.
Since A is a ring we have Ay = A3, >0, A=Ay, > 0, Clearly e;Ae’ isa
projective right e'Ae’-module where e’ =e,, + e;; + €,,, and gldim A < oo
therefore by the analogue of Proposition 1.10(2) of [7] we have gl dim e’Ae’ < co.
Hence by Corollary 2.8 we have Ay = A3, = Az =Ag) =Agp =A 3 =1, Then
Asp+ A5 =A30, Agy+Ayg = Ay, sothat A is conjugate to a triangular tiled
R-order by Proposition 3.2, Now assume that A, =A;, =0 where k£, k [>2.
The proof of this case is similar to the above and we leave it to the reader. This
completes the proof of the theorem.

Corollary 4.3. If ACM (K), 2<n <4, is an arbitrary tiled R-order of finite
global dimension, then gl dim A<n -1,

Proof. Follows from Proposition 4.1, Theorem 4.2, Theorem 1 of [5] and
Proposition 3.3 of [7].

The above corollary shows that the conjecture of R. B. Tarsey [12] about the
bound on the global dimension is true when n < 4,

Theorem 4.4, Let R be a Dedekind domain with quotient field K. Let A be
an arbitrary tiled R-order in M_(K), where 2 <n < 4. If gldim A <o, then
gldimA<n-1,

Proof. Follows from Corollary 4.3 and the corollary to Proposition 2.6 of [1].
K. L. Fields [4] in answer to a question of Kaplansky has constructed orders
T and S in a central simple algebra Q over the quotient field of a DVR, such
that TCS gldim T = 2 and gl dim § = . We give simpler examples showing
even worse behavior, viz., we construct a sequence of orders A; G A, & A& A
with gldim A; = gl dim A; =, gldim A, =3, gldim A; =2, Let R be a DVR
with maximal ideal m, generated by ¢, and quotient field K. Define A, 1<i<4, by

R R R R R R R R
m R m R m R m R
A = A=
'tm2 m R RY 27 m R RJ
m2 mZ m R m2 m2 m R
R R R R R R R R
m R m R m R R R
A,= . A :
m m R R m m R R
m2 m m R m2 m m R
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Clearly A} & A, & Ay & A, and one can easily verify that the A,’s are rings,
hence tiled R-orders in M (K). 1In the proof of Theorem 4.2 we have seen that
gldim A, =« and gl dim A, = . Since A, is not hereditary, therefore by
Theorems 1 and 2 of [5] we have gl dim A, = 2. We now show that gl dim A, = 3.
Let J,=e,J(A), P;= e;;A,. It is easy to check that

tP,+P,=], P NP

(=] =tP, ¥ P,

P2+P3=]l, P20P3=]2g]3,

and ], is not a projective right A,-module. Using obvious short exact sequences
and Theorem 2 of [8, p. 169] one concludes that hd J(A,) = 2, so that gl dim A,
=3, by Lemma 1.2 of [7}.

5. Some remarks. Let R be a DVR with maximal ideal m and quotient field
K. Let A be a triangular tiled R-order in M_(K), i.e., A = (m*i7) ¢ M_(R), where
A,; =0 whenever i <j. Let e= 2"_1 e;;- Then, since eAe_ is a projective
left eAe-module, from Theorem 2.5 of [7] it follows that gl dim A < oo if and only
if gl dim eAe <o and J(A)e_, is a projective left A-module,

It is also easy to see that if [ = (m”%) C M 4R) is a tiled R-order where
¥1:=0 forall i, and y;; =1 for {22 and i #j, then J(De,, is a projective
left I'-module and that, by Corollary 2.8, gldim el'e <oo, where e=e,, +€,, + €55,

All this together with the classification given in Proposition 4.1 and
Theorem 4.2 shows that, if A is a tiled R-order in M_(K), 2 < n < 4, containing
n orthogonal idempotents f,, f,, +++, f,, then gl dim A < oo if and only if there
exists a natural number [ <n such that J(A)/, is a projective left A-module and
gl dim gAg <o, where g=2_, f..

We say that a tiled R-order A in Mn(K) containing n orthogonal idempotents
fyo f35 <+ <5 [, has the property P if there exists a natural number ! <7 such that

(P,) J(AY, is a projective left A-module or f,J(A) is a projective right A-module,

(P,) gl dim gAg < oo, where g= X, f,.

We conjecture that if A is a tiled R-ogder in M_(K), then gldim A < if
and only if A has the property P. Since every tiled R-order Avin M_(K) is
conjugate to a tiled R-order in M (R) containing e, 1 <i <n, it is enough to
prove the con;ecture for the class of tiled R-orders A (mx”) ] (R) One can
show that if A = (m¥) CM_(R) is atiled R-order and if J(A)e, (tesp. e J(N) is
a projective left (resp. nght) A-module, then fAe,, (resp. e, Af) is a projective
left (resp. right) fAf-module, where [=2_ e ; furthermore S m Mighil _p o m,
Hence if our conjecture is true, then from Theorem 2.5 of [7] and induction it will
follow that gl dim A <7 — 1, This then would show that the conjecture of R, B,
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Tarsey [12] about the bound on the global dimension of orders in Mn(K) is true at
least for the class of tiled R-orders. We note that the "‘sufficiency’’ of our con-
jecture follows from Theorem 2.5 of [7]. Lastly we construct an example of a tiled
R-order A = (m"¥) C M((R) to show that the alternatives permitted in condition
(P)) are necessxa.ry.

Let A= (m"") CMy(R), where Aj3 =Agg=A; = A =0 forall j, Ay =Ag; =
Ay, =2 and )tl.l. =1 otherwise. One can easily check that A is a ring hence a
tiled R-order and that J(A)e s & Ae,,. Hence J(Aes, is a projective left A-module,
Computation shows that hd J; =1=hd J;,'hd J; =2=hd J5, hd J 4 = 3, where
J;=e,J(A). Thus, by Lemma 1.2 of [7), gldim A = 4. Also, if e =2} _; e,,,
gl dim eAe = 3; and none of ], is a projective right A-module. Hence the
alternatives permitted in the condition (P,) are necessary.

At the end we make the following remark:

Remark. One can observe that in §1 to 4, we have not made any use of
commutativity of R. Hence all the proofs go through when R is a local left and
right principal ideal domain.
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